HYDRODYNAMIC LIMIT OF A B.G.K. LIKE MODEL ON DOMAINS 

WITH BOUNDARIES AND ANALYSIS OF KINETIC BOUNDARY 
CONDITIONS FOR SCALAR MULTIDIMENSIONAL CONSERVATION 

LAWS 

M. TIDRIRI 

Abstract. In this paper we study the hydrodynamic limit of a B.G.K. like kinetic model 
on domains with boundaries via BVioc theory. We obtain as a consequence existence 
results for scalar multidimensional conservation laws with kinetic boundary conditions. 
We require that the initial and boundary data satisfy the optimal assumptions that they 
all belong to n L°° with the additional regularity assumptions that the initial data are 
in BVioc- We also extend our hydrodynamic analysis to the case of a generalized kinetic 
model to account for forces effects and we obtain as a consequence the existence theory 
for conservation laws with source terms and kinetic boundary conditions. 



1. Introduction 
In this paper we consider the fohowing kinetic model 

(1) [dt + a{v) ■ d:,]ge{x,v,t) = \xw,{x,t){v) - 9e{x,v,t)) in nxVx{0,T) 

(2) g^{x,v,t) =geo{x,v,t) on Tq x (0, T) 

(3) ge{x,v,t) = gei{x,v,t) onr~x{0,T), 

(4) g,{x, V, 0) = v) in 17 X 1/ 

and study its relation to the scalar multidimensional conservation laws 



(5) dtw + d^^lMw)] =0 in (o,r) 

(6) Boundary conditions for w on Fq x (0, T) and Ti x (0, T) 

(7) w{x,0) = w°{x) in n 

Here, = (0, 1) x IR'^^^ is the physical domain. The boundaries are defined as follows 
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{0} X W^-^, Ti = {1} X IR' 
{{x,v) e {0} X M'^-i X V : 
{{x,v) G {1} X IR'^-i X V : 



d-l 



a{v) ■ n{x) < 0} 
a{v) ■ n{x) < 0} 



where n denotes the exterior unit normal vector to Q.. The boundary conditions in (jB)) for 
the conservation laws are prescribed on a part of Fq resp. Fi. These boundary conditions 
will be precised in Definition 13.11 The set ^ = IR is the velocity domain. The function 
describes the microscopic density of particles at (x, t) with velocity v in the kinetic domain. 
The function w describes the local density of particles at (x, t) in the hydrodynamic domain. 
The physical parameter e > is the microscopic scale. The functions and are the 
initial data while g^o and g^i are boundary data. The boundary conditions in ((Hj) involve also 
wi and go which are given boundary data; see Definition 13 . 1 1 b elow . Let A = (Ai)i<j<(i, the 
components of A are assumed to satisfy Ai{-) G and are related to aj(-) by aj(-) = A'^{-), 
i = 1, - ■ ■ ,d. The local density of particles We at {x, t) is related to the microscopic density 
by We{x,t) = Jy g^{x,v,t)dv. The collisions in the kinetic domain are given by the 
nonlinear kernel in the right hand side of Eq. Q in which Xu{v) is the signature of u 
defined by 



Our main objective in this paper is to describe the conservation laws ©-0 as the 
macroscopic limit of the Boltzmann-like equations ©-0, as the microscopic scale, e > 0, 
goes to 0. This problem is a particular case of the more general problem of describing 
compressible Euler equations as the macroscopic limit of Boltzmann or B.G.K. equations, as 
the microscopic scale goes to 0. The convergence of the moments of the kinetic distributions 
of Boltzmann or B.G.K. equations to weak solutions of the compressible Euler equations 
is still an open problem. In the case of strong solutions this question has been solved by 
Caflisch |2j. The case of domains with boundaries is still completely open. 

The study of the hydrodynamic limit of the kinetic model in full space {Q = IR"^) 

has been performed by Perthame and Tadmor [7^. They proved that this model converges 
as the microscopic scale goes to to a conservation laws of the form in ©. Later Nouri, 
Omrane, and Vila attempted to study this hydrodynamic limit in the case of IR"*" x IR'^"^ 
[Hj. Unfortunately their proofs are wrong. In their proofs of the various L^, and BV 
uniform, in e, estimates, they have used in an essential way Gronwall lemma, which does 
not yield the uniform bounds they claimed. These uniform bounds are central to their 
proofs. Therefore their proofs are wrong. In Proposition 3 on page 784 and Proposition 
4 on page 786, are obtained by applying Gronwall lemma to the inequality 




(9) 
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and then they conclude that is uniformly bounded. This is not the the 

following counterexample shows. Take = satisfies the inequality (jUJ, however, 

is not uniformly in e bounded. 

In this paper, we shall see how the ideas developed by the author in El to study 
the more difficult coupled system of kinetic equations and their hydrodynamic limit 
(conservation laws of the form in @ ) , which is a simplified case of the more general coupled 
system of Boltzmann equations and their hydrodynamic limits (compressible Euler and 
Navier-Stokes equations) introduced and studied in ^2 El Ej (see also the references 
therein), can be applied to study the hydrodynamic limit of the kinetic model ©-Q in 
the case of domains with boundaries. Our proofs rely on optimal assumptions on the initial 
and boundary data and do not use any technical assumptions. For a further study of this 
problem and a generalization of the concept of kinetic formulation to conservation laws on 
domains with boundaries, we refer to the author's work |16j . 

In the second part of this paper, we introduce a generalization of the kinetic model 
@ that includes forces effects and whose macroscopic limit, as the microscopic scale go 
to 0, yields conservation laws with source terms. This kinetic model is more appropriate 
to describe the physics at the microscopic level than the model proposed in |71 for the 
approximation of conservation laws with source terms. We then study the hydrodynamic 
limit of the proposed kinetic model and prove the existence theory for its continuum limit, 
i.e. the conservation laws with source terms. 

This paper is organized as follows. In the next section we study the kinetic problem. 
We prove various a priori estimates that are needed for the study of the hydrodynamic 
limit of the kinetic problem. In Section 3, we precise our definition of physically correct 
solution to the problem We then study the hydrodynamic limit of the kinetic 

problem and prove our main result. Finally in Section 4, we study the one dimentional case 
via compensated compactness. We prove the convergence of the moments of the kinetic 
distributions to the solution of the conservation laws without any compactness argument 
(based on BVioc theory). 



In this section we shall study various properties of the solution of the kinetic equations 
(^-@. Some of our proofs are closely related to those for the full space case in However, 
our problem is on a domain with boundaries. This introduces new difficulties that are not 
present in the full space case. These difficulties must be handled by different techniques. 
We begin by stating a result about the well posedness of the kinetic problem ©-(lH). We 
then establish various properties of the solution, including L°°, L^, and BVioc estimates. 
These estimates will be used for the study of the hydrodynamic limit of Problem ©-(HI) as 
e — > 0. We shall also use the following notations. 



2. The kinetic equations 



no 



{{x,v,t) G X F X (0,T) 
{ix,v,t) enxV X {0,T) 
{{x,v,t) e n X V X {0,T) 



xi — ai{v)t < 0} 

< xi - ai{v)t < 1} 

xi — ai{v)t > 1} 



where x = (xi, x*). 
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2.1. Existence theory and basic estimates. We establish in this section the existence 
and uniqueness theory and derive basic estimates for the solutions of the kinetic equations. 

Theorem 2.1. Assume that 



g'^.eL^QxV), a{v)-ng,i£L\T^ x{0,T)), a{v) ■ ng,o e L\Tq x {0,T)) 

Then the problem 0^-1^ has a unique solution in L°°{{0,T); (Q x V)). Moreover, g^^ 
satisfies the integral representation 

In VLq 

ge{x,v,t) = 5,o(a;* ^^a^{v),v,t ^^)exp{-xi/{ai{v)e)) 

ai{v) ai{v) 

1 /■* 

+- / e^'~^^/'Xw,{xis),s)iv)ds 



In 17, 



01 



1 /■* 

ge{x,v,t) = g'^ix - a{v)t,v)exp{-t/e) + - j e^'''^^/^Xw,{x{s),s){v)ds 







In Qi 

1 — X]^ x^ — 1 

ge{x,v,t) = geiix^ H —a^{v),v,t —)exp{{l - xi)/eai{v)) 

ai{v) ai{v) 



+ 



1 /■* 

- / e'^''^^^'Xw,{xis),s)iv)ds 



where x(s) = x + (s — t)a{v), x = (xi, x^), and a{v) = (ai(f ), a*(f )). 

Finally, let g^ and be two solutions of with corresponding densities We{x,t) = 

Jyge{x,v,t)dv and We{x,t) = Jy Geix,v,t)dv; and let g^, g^o, gel resp. G^o, G^i 

denote the corresponding data. We have 

\\9e - GellLl(nxV) + Mv) ■ n{ge - G'e)||^i(r+x(0,t)) + 

-^(^e -a)|lii(r+x{o,t)) 
< \\9e - G'^ehnnxv) + Mv) -nigeo - G'eo)|lii(r-x{o,i)) + 
(10) Mv) ■n{gei-Gei)\\Li(^r~x{o,t)) 

Remark 2.1. Although we can derive contraction properties directly from the integral rep- 
resentation, we prefer to use a different method, which allows us to obtain the inequalities 
in 177))) . 



Proof of Theorem 12.11 
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We begin with proving the uniqueness and the continuous dependence of the solution 
on the data given in (|10j) . These estimates are needed for the proofs of various results 
below. Therefore, we shall give a somewhat detailed proof. The idea of the proof is to use 
a combination of the author's method |in| lllj and ideas from 

The function satisfies an equation similar to Eq. (^. Subtracting this equation from 
Eq. (P), and multiplying the resulting equation by (/9 a test function in C^r^ x F x [0,T]) 
to be precised later, and integrating by parts, we obtain 



ny.v Jnxv 

{dt + a{v) ■ d^){ip){g, - G,) 

nxVx{o,t) 

+ / a{v) ■ n{g^o - g^o)ip + / a{v) ■ n{gei - G^i)ip 

Jrgx{o,t) Jr~x{o,t) 

+ / a{v) ■ n{g^ - G^)ip + / a{v) ■ n{g^ - G^)ip 

Jr+x(o,i) ir+x(o,t) 

(11) = - / iiXwe - XwJ - {9e - G,))ip 

e JnxVx{o,t) 



We then take ip = sign^{ge—Ge)ip{x, t) with 2;sign^(x) > x S IR, and ^ is a nonnegative 
test function and sign^^ is a regularization of sign function. Plugging in ((TT|) and passing to 
the limit as /i — > 0, we obtain 



-G,|V')(-,-,t) + / a{v) ■ n\g, - G,\i; 

nxv jr+x(o,i) 



+ / a{v) ■ n\g^ - Geli^ + / a{v) ■ n\g^o - G^Q\ip + 

'r+x(o,t) Jrgx{o,t) 



a{v) ■ n\g,i - G,i\i; - / {\g, - G,\i;){-, -,0) 
r~x(o,t) Jfixv 



= - [ [{Xw, - XwMST^ide - Ge) - \ge - G^\]ij + 

£ JnxVx{o,t) 

(12) [ {dt + a{v) ■ d^)mg, - G,\ 

JnxVx(o,t) 



Using the properties of Xi this yields 
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(l5.-G',|V)(-,-,t) + / a{v)-n\g,-G,\^ 
QxV Jr+x(0,t) 



+ / a{v) ■ n\ge - Ge\i) 



< / (|5.-a|V')(-,-,0) - / a{v) ■ n\g,o - G,o\i; 

Jqxv Jr^x{o,t) 



(13) -/ a{v) ■ n\g,i - G,l\^l^ + {dt + a{v) ■ d.,){ij)\g, - G,\ 

Jr~x{0,t) JQxVx{0,t) 

Taking now tp{t) = 1 yields the estimate ()1U() . 

To prove the existence of a solution to the kinetic problem, we use the following iterations 



(14) [dt + a{v)-dM^\x,v,t) = -^{Xn^n(^.,t){'^)-g^+\x,v,t)) m^xYx {0,T) 

(15) g':-^\x,v,t) = g,o{x,v,t) on x (0,r) 

(16) g^+\x,v,t) = g,i{x,v,t) on x (0,r), 

(17) 5^+^(x,i;,0) = c/°(x,u) in Q x V. 

Using (|12() in the present context with g^ = g^~^^ and G^ = gY^~^^, and using the properties 
of X) we obtain 



[ {\g,-G,m;;t)+ [ a{v) ■ n\g, - G,\i; + 

Jnxv jr+x(o,t) 

a{v) ■n\g,-G,\'il^ + - [ - aiV' 

r+x(o,t) £ JnxVx{o,t) 

iXw^ - XW[^)sign{g^ - G^)^ + 

nxVx{0,t) 



f {dt + a{v) ■ d,)m9e - G,\ 

JnxVx(o,t) 

< I {dt + a{v)-d^m\9e-G,\ + - f K-gT\^ 

JnxVx(o,t) £ JnxVx(o,t) 



(18) 

Taking ^ = e~~'^, < s < t, with a a positive constant, we then obtain 
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/ (br' -5r+V)(-,-,i) + / a[v)-n\gr'-9T^'\^ 
Jnxv Jr+x{o,t) 

jr+x(o,t) £ jf7xyx(o,t) 

(19) < - I \g:-9T\i^ 

^ JnxVx{o,t) 
Hence we obtain 



(20) / m^'-9T^'\ < rr— W: - 9T\^ 

JnxVx{o,t) J- + " ynxyx(o,t) 

This and a reuse of ((T^ proves that the iterations are contracted to the unique fixed point 
in L°°([0, T]; L^(nx y)), which satisfies Eq. and also the boundary and initial conditions 
((21)-@ We also infer from the inequality (fTUIl that the solution depends continuously on 
the initial and boundary data. 

The integral representation is obtained using the characteristic method. The proof of 
the theorem is now finished. 

2.2. Kinetic entropy. We shall prove an entropy inequality for the solution of the kinetic 
problem. This is stated in the following theorem. 

Theorem 2.2. The solution to the kinetic problem satisfies the relation 



{dt + a{v) ■ dx){i;)\ge - Xk\ + / a{v) ■ nV'beO - Xk\ + 

nxVx{o,T) Jr-x{o,T) 



(21) / a(^;)-n^|(7,i-Xfc| <0 

jr,;x(o,T) 



VV' G c^in xv X (o,r)), > o, vfc g ir 



Proof 

Multiplying Eq. ^ hy ip = sign^(5£ — Xk)'4'ix, t) with sign'^(x) the regularization of sign 
function mentioned in the proof of Theorem 12.11 and ip is a nonnegative test function in 
Cq{Q xV X (0, T)), and proceeding as in the proof of Theorem l2.H and using the properties 
of Xw the desired entropy inequality of the theorem. 

2.3. Basic estimates of the solution. We shall state and prove here some basic estimates 
for the solution of the kinetic problem. We begin with L°° estimates. 

Lemma 2.1. Assume that 

|[5'e0|lioo(r-x[0,T]) < ^1' \\9e\\L^inxV) < C2, ll5'el|lLoo(r-x[0,T]) < ^3 



8 



M. TIDRIRI 



with Ci,C2, and C3 positive constants independent of e. Then is uniformly bounded in 
L'^{nxV X [0, T]). Moreover we have 

\\9e\\oo < ''^O.^iWdeoWioo^-p- x[0,T])^ Ibe IIl°° (Hxy) i Ibel llLoo(r- x [0,T])) + ^ 

Proof: The proof is based on the use of the integral representation of the solution respec- 
tively on 0,Q, r^oi, and f^i. 

We now present estimates of 5, and in L°°([0, T]; L^(17 x V)) and L'^{[0,T]; L'^{n)) 
respectively. 

Lemma 2.2. Assume that 

\\a{v) • "'5'eo|lLi(r-x(o,T)) < ^i' ibe IIlM^^xV) < ^"2, 
•"5ei|lii(r^x(o,T)) < 

with Ci,C2, and C3 positive constants independent of e. Then is uniformly bounded in 
L°^{[0,T]; L^{^1 X V)) and is uniformly bounded in L°°{[0,T]; L^{^1)). Moreover, we 
have 

ll'"^e||L°°([0,T];Ll(Q)) < Ibe II L°° ([0,T] ;Ll(Qx V)) 

< \\a{v) • n5,o|lLi(r-x(o,T)) + ll«(^) ' ^5.i|lLi(r-x(o,T)) 

+ lbe llLi(f^xy) 

Proof: Using Formula H1U|) with = 0, we obtain 

/ \aeix,v,t)\ < / \g^{x,v)\+ \a{v)-ng^o\+ \a{v) ■ ng^il 

Jnxv Jnxv Jr"x(o,T) Jr7x(o,T) 



The lemma then follows. 



Next we shall show that under the conditions that the supports in w € y of the data are 
compact, the supports in v & V of g^ remain compactly supported with supports included 
in a fixed compact set independent of e. We shall also give some information about the 
speed of propagation a(v). This is stated in the following lemma. 

Lemma 2.3. Assume that 

lbe0|lioo(r-x[0,T]) < ^1' Ibe llL°°(nxV) < C2, 
lbel|lioo(r~x[o,T]) < ^3 

with Ci,C2, and C3 positive constants independent of e. Assume also that the initial and 
boundary data g^, g^o, and g^i are compactly supported in v € V with supports included in 
a fixed compact set independent of e. Then 
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(i) We is uniformly bounded in L°°(i7 x [0, T]). 

(a) Qe remains compactly supported in v G V with support included in a fixed compact set 
independent of e. 

(Hi) The speed of propagation a{v) is finite. 



Remark 2.2. In _7_ the uniform L°° boundedness (in e) of the macroscopic density = 
Jy fe{x,v,t)dv and hence the compactness of the support in v of fe{t,x,v) together with 
the finite speed of propagation remained unproven. Since in their proof, which is given 
on page 504 lines 6 through 12 o/ jTj; their argument is wrong. Following we quote lines 
6 through 12 of page 504 of |7] "2. Finite speed of propagation. We assume that initially, 
fe{x,-,0) has a compact support in ]R„. Let us first show that fe{x,-,t) remains compactly 
supported. Indeed, by (2.6), fe{x,v,t) and hence Ue{-,t) are uniformly bounded, and therefore 
the contributions of the right hand side of (2.2) are supported by v £ [— Uoc^oo], 

where Uqo = \\ue{x,t)\\j^^^-^d^^+y Consequently, fe{x,-,t) given in 2.2 remains compactly 
supported for all t > 0, with support contained in supp„/e(x, -,0) U [— Uoo, ^oo] ■ ■ • " 

The argument: Indeed, by (2.6), fe{x,v,t) and hence Ue{-,t) are uniformly bounded, is 
wrong since the uniform (in e) boundedness of a function (here fe{x, v, t) ) in L°°{JR'^ x ]R x 
]R+) does not in general yield the uniform boundedness (in e) of its velocity average (here 
Ue{x,t) = /jpj fe{x,v,t)dv). Take for example the function he{x,v,t) = e~^^'"^ exp{—t — ^ \xi\) 
and its velocity average Ue{x,t) = jexp{—t — ^ \xi\). 

In IHl, in order to obtain the uniform (in e) bound of Ue{x,t) = J^fe{x,v,t)dv in 
L°^(]R'^ X IR"*"), and hence to fill the gap of 0, the author assumed an additional assump- 
tion on the sign of the data: fe{-,v,0)sign{v) > 0. This assumption is quite restrictive if 
one wants to study the hydrodynamic limit of the kinetic model, which was one of the main 
objectives of the paper 7^ . 

Because of the above it is clear that the general proof of the above results remained open 
despite the various attempts by various authors. We shall give below two different proofs. 
One is general and does not use any additional assumptions, thus solves also the gap in [7], 
and the second relies on the additional assumption on the sign of the data, and thus allows 
us to compare the two proofs. 



Proof: 

(i) First and general proof of the uniform in e L°° bound 

We first notice that for every fixed e, using Gronwall lemma we conclude that g^ is in 
L°°(r2 X (0, T); L^{V)) and hence is in L°°(r2 x (0, T)). Observe that such argument does 
not provide a uniform in e bound of g^ in L°°{Q x (0, T); L^(V)). 

Next we prove that g^ is uniformly in e bounded in L°^{Q x (0, T); L^(V)). We write the 
integral representation in Qq in the form 
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9tix,v,t) = geoix^ —a^{v),v,t --)exp(-xi/(ai(u)e)) 

ai{v) ai[v) 

+(1 - eM-xi/{a,{v)e)))^^, — — 

aiiv) 

Thus ge{x, V, t) is expressed as a convex combination. So by Jensen inequality, we obtain 
for any convex function ip{ge), 

ip{ge{x,v,t)) < ip{geo{Xi, ^a^{v),v,t ;r^))exp(-xi/(ai(t;)e)) 

ai[v) ai{v) 

1 /■* 

+ 



1 1 



We obtain similar formula for g^{x,v,t) in J7oi and Now taking (p{g) = \g\P and 
integrating over x and t, we obtain 



/ \g,ix,v,t)\Pdxdt< [ \geo{y,v,t)\Pdydt+ [ \g^,ix,v))\Pdx 

JQx{0,T) Jrox{0,T) JQ 

+ [ \gei{y,v,t)\Pdydt+ [ - [ e'^'-^^/'\xu,4x,s)\dxdsdt 

vrix(o,T) Jax(o,T) e Jo 

Taking the p— root of both sides and integrating over V, we obtain 

/(/ \ge{x,v,t)\Pdxdt)^/Pdv 
Jv Jnx{o,T) 

< 4Vfma^[/ (/ \g,o{x,v,t)\P fPdv, f (/ \g''Ax,vWdx)'/Pdv, 

Jv 7rox(o,T) Jv Jn 

\gei{x,v,t)\Pdxdv)'/Pdv, /(/ - [\('-'y'\xro.^,^s)\dxdsdty/Pdv] 

Jv Jnx(o,T) e Jo 



\gei{x,v,t)\Pdxdv)^/Pdv, I { I - /* 

V Jrix{o,T) 
(22) 

We only need to prove that 

/ ( / - f e'^'-'^''\Xn,.^.,s)\dxdsdtflPdv 
Jv Jnx{o,T) e Jo 

is bounded uniformly in e for p large. The other terms are clearly bounded uniformly in 
e for p large. For example, the term JvHtox^ot) \9eo{x,v,t)\Py/Pdv is uniformly bounded 
since by assumption g^Q is uniformly bounded in e in L°°(ro X (0, T) x L^(V)) and similarly 
for the other terms. 
Let 

= {{x,v,t) enxV X {0,T)\ \w,{x,t)\>\v\} 
Ve = {ve V\ {x, V, t) e for some {x, t) e n x (0, T)} 
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Let rrie and denote the Lebesgue measure of respectively V^- We know from Lemma 
Othat 



(23) = \xwc(x,t){''^)\dxdvdt = / \we{x,t)\dxdt < C 

where C is independent of e. 

Let Co > be a fixed constant. Let T denote the set of ah e > such that 



(24) ||We||oo>Co 

We know from the begining of this proof that is in L°°(r2 x (0, T)) for every fixed e. If 
the set T is empty or finite then the proof will be concluded easily. Therefore, we assume 
that T is neither empty nor finite. 

We prove the following statements. 



3(3 with < /3 < Co, 3E C Q x (0,r) with \E\ > such that HwelU.E > P 

(25) uniformly in e G T 

(26) 37 > such that 7 < uniformly in e G T 

Above \F\ denotes the Lebesgue measure of the set F. If the set E is of infinite measure, 
then any subset E' of E satisfying < < 00 is enough for our purpose. So we may 
assume that the set E in p5|) satisfies < |£'| < cxd. This is important since we will use 
below Egoroff theorem for sequence defined on such set E. 

We proceed now to prove (|25|) and (|26|) . If (|25j) is not true then 



\/(3 with < /3 < Co, V£; C Q X (0, T) with \E\ > 0, 3e G T such that 
(27) \\w,\\oo,E<P 

Thus, taking /3 = Co — E = Q x (0, T), there exists e„ a subsequence in T such that 
|we„(y)| < Co — ^, a.e. y G E. This implies that ||we„||oo < Co with e„ G T. This 
contradicts pi]). Therefore, (^5]) is true. 

We now prove that H26() is true. Assume to the contrary that ()26() is not true. Then 
there is a subsequence in T such that m^^, -^k^oo 0. But we have 

m,^ = / \Xw,^ix,t){v)\dxdvdt = / \wei,{x,t)\dxdt 

JnxVx(o,T) Jnx{o,T) 

Hence /^^(OT) \'Wek{x,t)\dxdt — > 0. Therefore there is a subsequence w^^.^ that converges 
a.e. to on r2 X (0, T). In particular, w^^ ^ on E, where E is the set given in (|25|) . Using 
Egoroff theorem jSj, ti^e^. — > almost uniformly on E (Recall from the remark after the 
statement (|26|) that E can be selected to satisfy < < 00). That is, Vr] > 0, 3£^^ C E 
such that \E\Ej^\ < rj and Wef. — > uniformly on E'^. Now fix 77 > small and let 5 > 
be given, then there is n' depending on 5 such that 
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(28) 



Now let 



(29) 



E = {x(^E: \w,^^{x)\ > p Vefe„ < efc^,} 



then (|25() implies that > a > for some a > 0. Now choose rj < a then E"^ must 
contain a subset E C E with > 0. For otherwise the set F = E\E where 



E = {xeEnE^: |w;,,Jx)j > /3Vefc„ < efc^,}, and |E[ = 



is included m E \Eti {F C E \ Erj ) and a < |-F| < \E\ Eri\ < r] < a which is impossible. 
Now pick 5 < P in (|28|) . Then in particular, we obtain 



which is a contradiction to (|29)) . Therefore, (|26)) is true. 

Thus, we have < 7 < = \A^\ <C Ve G T (Consult ^ and (|2H)). Now using the 
regularity of the Lebesgue measure, we have for any > such that 7 — > 0, there exist 
a compact set F^' and an open set such that Fj' d d Ue and — ?? < [Fj'l < [jd^j 
and \A^\ < \Ue\ < \A^\ + t] < C + t]. Thus for rj < 7/2, we can select F^ and Ue so that 



Above we have used ()23p and ()26() . Now by Vitali's Covering Theorem 131, there exists a 
countable collection of disjoint closed balls in Ue such that diam B < rj for all B ^ Ge 
and If/J' — UsgGE-Sj = 0. Using (|3U() above, we then conclude that | VJseGt B\ is bounded 
below and above by positive constants independent of e G T. Thus the projection Ve of Ae 
with respect to the v axis has a one dimensional Lebesgue measure which is bounded above 
by a positive constant independent of e G T. This proves the fact that Ue = \Ve\ < C with 
G a constant independent of e G T. 

Now we have 



(30) 



< 7/2 < IFJ'I < 1^,1 < m <G + -i/2 Ve G T 




Thus, we have 
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(/ - f e^'~'^/'\xM-,s)\dxdsdty/Pdv 

V Jnx{o,T) e Jo 

if \xM^,,)\{l-e^-''^y^)dsdx)'/Pdv 

V Jnx{o,T) 

I \Xn,,(^,s)\{l-e'^'-^^'')dsdxflPdv 
'Ve Jnx{o,T) 

< {[ [ \xM-,s)\a-e^'-''^hdsdxdv)^/Pin,y/P' 
JVe Jnx{o,T) 

(31) < C^/PC^/P' = C 

with C independent of e. Above we have used Lemma 12.21 Holder inequahty, and the 
uniform boundedness of = \Ve\. 
Using this in (|22l) . we conclude that 

(/ \g,{x,v,t)\Pdxdtf/Pdv 

V Jnx{Q,T) 

< 4VPmax[/' (/ \g,o{x,v,t)\Py/Pdv, [ {[ \g'',{x,v))\Pdxy/Pdv, 

Jv Jtox{o,t) Jv Jq 

(32) /(/ \g,i{x,v,t)\Pdxdv)^/Pdv,C^/PC^/P'] 
Jv Jrix{o,T) 

On the other hand, using Minkowski inequality we have 

(/ (/ \g,\dv)Pdxdtf/P 
Jnx{o,T) Jv 

(33) < /(/ \g,{x,v,t)\Pdxdty/Pdv 

Jv Jnx{o,T) 

Taking the limit as p — > cxo in ()32() and H33|). we conclude that \\ Jy Ifi'eldf ||Loo(f2x(o,T)) 
is uniformly in e bounded and hence is also uniformly in e bounded in L°°{Q x (0, T)). 
This concludes the proof of (i). 



Second proof of the L°° bound 

Here, we shall assume that \g^{x,v)\ < 1, \geoiy,v,t)\ < 1, \gei{y,v,t)\ < 1. We shall 
also assume as in jH] that g^{x,v)sign{v) = \g^{x,v)\, gt^o{y , v , t)sign{v) = \geo{y,v,t)\, and 
gti{y , V , t)sign{v) = \gei{y,v,t)\. Let v denote a positive number such that the support in 
V of g^, geo, and g^i is included in [— i;,^] (recall that we assumed that these data have 
supports that are included in a fixed compact set of V. Then using the sign condition on 
the data and the integral representation we conclude that g^{x , v , t)sign(v) = \ge{x,v,t)\. 
Using the fact that the data are bounded by 1 and the integral representation respectively 
in flo, OqI) and Qi, we obtain that \ge{x,v,t)\ < 1. 
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To obtain the uniform in e bound of We, we use the iterations (fTH) - (|T7|) and its corre- 
sponding integral representation 



In 

gl{x,v,t) = geo{x^ v^o*(w),i;,t ^)exp(-xi/(ai(f)e)) 



ai{v) 



ai{v)' 



1 

+- 
e 



^1 



In a 



01 



1 /■* 

gl{x,v,t) = - a{v)t,v)exp{-t/e) + - / e(^"*)/'x«;0(x(5),5)(^')'^s 

f Jo 



In Qi 

gl{x,v,t) = gei{x^ + ai,{v),v,t - "^ )exp((l - xi)/eai{v)) 



ai{v) 



ai{v) 



+- 



where x(s) = x + (s — t)a{v), x = (xi, x*), and a{v) = (ai(u), aj,(t')). 

Let be an initial iterate such that ||w''|jLoo(nx(o,T)) ^ "J^- Then by definition of v, we 
have geo{y,v,t) = 0, g^i{y,v,t) = 0, ^^la^.^^) = 0, and XwO{x,t){v) = 0, for all v with [t-l > v. 

Now using the above integral representation, we conclude that g^{x^v,t) = for \v\ > v. 
Using this and the sign property of g^ {\ge{x,v,t)\ = ge{x,v,t)sign{v)), we obtain 

\wl{x,t)\ = I / g^{x,v,t)dv\ 
Jv 

< max(| / g^{x,v,t)dv\,\ \g^{x,v,t)\dv\) 

Jv>0 Jv<0 

< V 

Thus, the contraction operator maps elements with i|^«'^||Loo(Qx(o,T)) < ^ into element 
with the same property. Therefore the fixed point We has also this property. This concludes 
the proof of the uniform bound in e of in L°°(0, x (0, T)). 

Because of Lemma 12.11 a. is uniformly bounded in L°°(^} x V x [0, T]). Hence We is 
uniformly bounded in x [0,T]). 

(ii) Now set Woo = sup^>o||u;e||Loo(nx[o,T])) the terms Xw^ in the integral representation 
in Theorem 12.11 are supported by f € [—Woo,Woo], the other terms are supported by v in 
the compact supports of the boundary and initial data. Thus, for all t G [0, T], g^ remains 
compactly supported, with compact supports included in Supp^(7^ U Supp^^^o U Suppj,gei U 
[—Woo, Woo], which in turn are included in a fixed compact set independent of e. 
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(iii) Now set Coo = supi<j<^^„g5|oi(w)|, with S = Supp^s-^ U Supp„5(,i U Supp^g.o U 
[—Woo, Woo]- We conclude that sup;^<j<^,;g5/|ai(t;) I < Ooo, where S" = {v £ suppyg^^x, .,t), {x,t) G 
X (0,T)}. And the lemma is proved. 

In order to pass to the limit as the microscopic scale go to 0, we shall need to control the 
spatial and temporal variations of and in terms of e. This is given in the following 
lemma. 

Lemma 2.4. Assume that 

||5eo|lioo(r-x[0,r]) < ^l' \\9e\\L°°{nxV) < C2, lbel|lLoo(r-x[0,T]) < ^3, 

Ibe llLi(nxl') < C'i, \\a{v) ■ "'5'e0|!Li(r-x(0,T)) < ^5, ||a(^^) • "-5'el|lii(r-x(0,T)) < ^6 

\\9e\\L^V;BV,oc{n)) < ^7, 

with Ci,i = 1, • • • ,7 positive constants independent of e. Assume also that the initial and 
boundary data f^o, g^, and g^i are compactly supported in v £ V with supports included in 
a fixed compact set independent of e. 
Then 

1) g^{-,-,f) and We{-,t), t G [0, T] are uniformly bounded in BViod^ ^ ^^(^)) ^'^^ 
BVioci^) respectively. 

2) We is time Lipschitz continuous in Lj^^Q,) uniformly in e; i.e. for any open bounded 
subset U of n with U <Z Vt, we have 

\\We{-,t2) - U'e(-,tl)|[Ll([/) < «oo Ij^e {[0,T];By (C/xLl (V))) (*2 " ^l) < C{t2 - ti), 

(34) yo<ti<t2<T 

where C is a constant depending on U but is independent of e and a^o is introduced in the 
proof of Lemma \2.c\ above. 

3) Under the additional assumption 

(35) Ibe ■) - X«;0(.)(-)llLi^^{nxLl{V)) ^e-»0 

we can estimate the error between the kinetic solution and exact entropy solution as follows 

llffe - XwAl°°{[0,T];L]^^(Q.xL^{V))) ^ ^'^oo\\di{x,v)\\BVi^^{nxL^(V)) 

+^aoo\\ge{x, ^',i)llL°°([0,T];BVioc(f7xLi(^)))) 
+'^\\9^e{x,v) - XwO(x)\\L]^^{nxL^{V)) 

(36) ^e^O 

4) The function is uniformly bounded in BViod^ ^ (O;^))- 



Proof. 
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1) Let < t < T be fixed and h > he small. The case of h < will be handled 
similarly. Let Tl^ge{x, v, t) = ge{xi, ■ ■ ■ ,Xi + hci, • • • , Xd, v,t), i = 1, ■ ■ ■ , d. Multiplying the 
equation for T^g^; — g^ hy ip with if a test function which is Lipschitz continuous in 
(0, 1 — /i) X IR*^"^ xV x[0, T] with compact support in x in (0, 1 — /i) x IR'^"^ to be precised 
later, and integrating by parts, we obtain 

/ {{rlg,-g,)^){.,.,t)- [ ((r^g, - <7.V)(-, •, 0) 

J(0,l-/i)x]R<*-ixV J(0,l-/i)xIR''-ixV' 

{dtip + a{v) ■ d.j:ip){Tlg^ - g^) 

(0,l-?i)x]R'*-ixV'x(0,t) 

(37) = - I ((Xr>, -XwJ- {rlge - ge))V 

f J(0,l-/i)x]R'^-ixyx(0,t) 

We then take (p = sign^(r^5fe — ge)ip{x,t) with 2;sign^(x) > x G JR., and V is a 
nonnegative test function which is Lipschitz continuous in (0, 1 — h) x IR'^^^ x V x [0, T] 
with compact support in x in {0,l-h)xM'^-^ and sign^ is a regularization of sign function. 
Proceeding as in the proof of Theorem 12.11 we obtain 

/ \Th9e - ge\4'{-,-,t) - Ir^ge- ge\i^{-,-,0) 

J{0,l-h)xTR'i-^xV J(0,l-h)xTR''-^xV 

{dti^ + a{v) ■ dxi))\Tlg^ - g^\ 



'(0,l-/i)x]R<*-ixyx(0,i) 

= - I iiXrlw, - XwJ - {rUe - 5'J)sign(r^5, - g^)ip 

£ J{0,l-/i)xR'*-ixyx(0,t) 

< 

where in the last inequality we have used the properties of then have 



J(0,l-/i)x]R'^-ixV 



'(0,l-/i)x]R'^-ixV 

< / Vkfc'5e-5.|(-,-,0)+ / {dti^ + a{v)-d^^)\Tlg,-g, 

J(0,l-/i)x]Rd-ixV J {Q,l-h)x]R.'i-^xVx(Q,t) 

In particular we have 



OxV 



(38) < / yj\Tlg,-g,\{;;0)+ {dt^P + a{v) ■ d^^P)\Tlg, - g,\ 

JOxV JOxVx{0,t) 

for any open set with O C (0, 1 — /i) x IR'^^^ and ^ any Lipschitz continuous function in 
O X V X [0,T] with compact support in x in O. Similarly, we have for i = 2, • • • ,d 
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/ ^p\Tig,-g,\{-,;t) 
JOxV 

(39) < / Vki9e-5.|(-,-,0)+ / {dti' + a{v) ■ d^iP)\Tig, - g,\ 

JOxV JOxVx{0,t) 

for any open set with O C (0, 1) x M'^"^ and any Lipschitz continuous function in 
O X V X [0, T] with compact support in x in O. 

Let i € {2, • • • ,d} be fixed. Let U and O be open bounded subsets of 0, such that 
IJ C O C O C ri. Let ip he a Lipschitz continuous function in O x y x [0, T] with compact 
support in X in O such that U C supp^V C O. Then (jHI^) holds for such ip and O. 

We wish to prove that 

(40) / \Tig,-g,\<Ch 

JUxV 

where C depends on U but is independent of e. It is enough to prove this relation for U of 
the form U = {yi — a,yi + a) x B{y-^, R) where a > and y = {yi,y-^) £ Q are arbitrary 
elements of IR"*"* and O such that 0<yi — a<yi + Q<l and i? > is arbitrary radius. 
Let /3 > and 7 > be such that < yi-a- P-j < yi + a + P + j < 1. Let < ti < T be 
such that Qooti = 13. Let O = {yi -a-Uooh -7,2/1 + + 000*1+7) x B{yi„ R + 6 + daooh), 
with 5 > 0. Let t € (0,ti]. Consider now the functions 







V3i(xi,r) 



and 



< xi < yi - a - aoo(t - t) - 'y 
0<T <t 

Tjixi - yi + a + aoo(t - r)) + 1 yi - a - aoo(t - r) - 7 < xi < 

yi - a - Uooit - t), 0<T<t 

— a — aao{t — t) < xi < yi + a + I 
C 1- < t 



+ Q + O00 





yi- a 

0<T <t 

{t - r) - xi) + 1 2/1 + a + aoo(t - r) < xi < 

yi + Q + aoo(t-'r)+7, 0<r<t 
1/1 + Q + aoo(t - r) + 7 < xi < 1 
< r < t 



o{t-T) 



MR + daoo{t-T) 



vA) + 1 



< |x* - 
< T < t 
R + dooo (t - 
R + dooo (t - 
R + (iaoo(i - 

< T < t 



< R + da^{t - t) 

t) < |x^ - y^ < 
t)+6, < t < t 
t)+5< 



y* 



Now let i{j{x,t) = ipi{xi,T)ip2{Xi,,T), T € [0,t] and x = (xi,x*). It is clear that ip 
is nonnegative Lipschitz continuous function in O x y x [0, t] with compact support in 
X in O and U C supp^V C O. Thus, plugging in p9|) and using the fact that g^ is 
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uniformly bounded in BViod^^ {V)) (since g'^ is uniformly bounded in L^{V; BViod^)) ^ 
BVioci^ X ^H^))) yields (001) for t G (0,ti]. Now let t2 > h be such that 000(^2 - 
ti) = p. Proceeding as above and using the fact that ge{-,-,ti) is uniformly bounded in 
BVioci^ X -^^(^))) conclude that g'e(-, is uniformly bounded in BViod^ ^ -^^(^)) 
any t € (ti, ^2]- Continuing this process we conclude that ge{--,-,t) is uniformly bounded in 
BVioci^ X L\y)) for any t G [0,T]. 

Finally, using similar constructions we can prove that for any open bounded subset O of 
(0, 1 - /i) X IR'^-i with O C (0, 1 - /i) X IR'^-\ we have 



/ \Th9e - ge\<Ch 
JOxV 

where C is a positive constant depending on O, but is independent of e. This concludes the 
proof that g^ is uniformly bounded in L°°([0, T]; BViod^ ^ L^(V))). The uniform bound of 
We in L°°([0, T]; i?VJoc(f^)) can then be deduced from that of g^. And the statement 1) is 
proved. 

2) Let < ti < t2 < T and U be an open bounded subset of O with U C ^l. Let 
ip{x) G Cq([/). Multiplying Eq. ^ hy ip and integrating over U x (ti,t2) x V, we obtain 

JUxVx(ti,t.2) ~^ JUxVx{ti,t2) ^ JUxVx{ti,t2) 

Hence, we have 



(41) / {We{x,t2) - Wdx,tl))'ll^{x) = - y2 ai{v)d:r,getp 
JU Jti . JUxV 

Since dx^ge, i = 1, - ■ ■ ,d are locally finite measures (consult 1) above), the integrand on 
the right side is bounded by aooC{U) for |V'(2;)| < 1- Taking the supremum of (|4ip over all 
ip with \ip{x)\ < 1 yields (|^ . 

3) Let U be an open bounded set of such that U C il. Let O be an open bounded set 
of U such that U C O C O C Taking Ge{x,v,t) = ge{x,v,t + At) and proceeding as in 
the derivation of (fTUIl and the proof of the uniform BVioc bound (consult part 1) above), 
we obtain 

(42) / \gdx,v,t + At)-gdx,v,t)\< I \gdx,v, At) - gdx,v,0)\ 
JUxV JOxV 

from which we deduce 



(43) \\dtge{x,v,t)\\Lmj^y) < \\dtge{x,v,t = 0)\\l^OxV) 

The kinetic equation (0) yields 
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\\dtge{x,v,t = O)llii(oxy) 
< \\{a{v) ■ d^)g^{x,v,t = 0)||ii(Oxy) + ^\\Xw,(x,t=o) -ge{x,v,t = 0)\\lhoxV) 

(44) < aoo\\ge{x,V,t = 0)\\BViOxLHV)) + -\\9eix,v) -XwO{x)\\l^OxV) 

Using again the kinetic equation together with (|43|) . (|44)1 and the uniform bound of 

ge{x,v,t) in L'^{[0,T], BViod^ x we obtain 

\\9eix,v,t) - Xw,{x,t){v)\\L^UxV) 

< e\\dtge{x,v,t)\\L^u,,v) + • da:)ge(,x,v,t)\\L^uxV) 

< eaoo\\ge{x,V,t = 0)\\bv{OxL^V)) + ^aooheix, V,t)\\BV{UxL^V)) 

(45) +2||g°(x,t;) - XwO{x)\\lHOxV) 
Now, (jini) and (jH^l) yield as e ^ 

\\9e{x,V,t) - Xw4x,t){v)\\L^UxV) 

The proof of 3) is now complete. 

4) The proof is an immediate consequence of a combination of 1) and 2) above. 

Remark 2.3. Notice that Lemma \2.4\ part 1) furnishes a local uniform in e hound on 
the spatial variation on the microscopic scale. However, the local Lipschitz continuity is 
obtained only at the macroscopic level; consult Lemma \2.4\ part 2). The temporal variation 
at the microscopic level cannot, in general, he hounded uniformly in e. Such uniform control 
can he achieved only if we can prevent the possibility of a kinetic layer in 0) ( Consult 
Theorem \3.iA and the remark before it). 

3. HYDRODYNAMIC LIMIT OF THE KINETIC PROBLEM AND EXISTENCE THEORY FOR THE 

CONSERVATION LAWS 

In this section we shall prove that the conservation laws ©-(jT)) has a solution in the 
sense of Definition 13.11 below which selects a physically correct solution to this problem. 

Definition 3.1. We say that w e BViod^ ^ (0)^)) ^ L°°i^ x [0,r]) is a weak entropic 
solution of the problem if we have 

- {\w - kldfip + sign{w - k){A{w) - A{k)) ■ V^Tp) 

Jnx{o,T) 



+ / 'il^sign{wi — k){{A{wi) ■ n) — {A{k) ■ n) 

iFix(0,T) 



+ / a{v) ■ niplgo - Xfcl < 

JFq x(0,T) 

VV' € c^in xv X (o,r)), v > o, v/c g ir 
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and w satisfies the initial condition 

w{x,Q) ='uP{x) in Q. 

We now state the following theorem about the existence of a solution to the conservation 
laws. 

Theorem 3.1. Assume that 

||5'eo|lLoo(p-x[o,T]) < ^1' ll^e llL°°(Cxy) < ^2, llS'el llL^(r- x [0,T]) < ^3, 
ll5'ellLi(nxy) < ^^4, \\a{v) ■ '"5'e0|lLl(r-x(0,T)) < ^5, \\a{v) ■ "-5'el|lLi(r-x(0,T)) < ^6 

\\di\W{V;BVio,m < Cr 
with Ci,i = 1, • ■ ■ ,7 positive constants independent of e. 

Assume also that the initial and boundary data f^o, g^, and g^i are compactly supported 
in V (z V with supports included in a fixed compact set independent of e. Finally assume 
that as € ^ 0, 

(46) K(-,0)-u;°(.)||z.i^^(O) = il / <7°(-,«)-«^°(-)llLUf^)-0 

(47) a{v) ■ ng^Q a{v) ■ ngo strongly in L^{Tq x (0, T)) 

(48) a{v) ■ ng^i a{v) ■ ngi = a{v) ■ nxwi strongly in L^{T^ x (0, T)) 

Then converges strongly in L^{n x (0,r)), as e goes to 0, to an entropic solution of the 
problem in the sense of Definition ]'^. li 

Before we give the proof of Theorem we shall state and prove a preliminary result 
showing compactness of and respectively in L^(J7 x (0, T)) and L^(0 x y x (0, T)). 
We shall assume that Q = (0,1). It is not difficult to generalize our proof to the case 

n = (0,1) X w^^K 

Lemma 3.1. Assume that all assumptions of Theorem I.V. 1\ hold. Then 
i) A .subsequence of (still denoted w^) converges as e ^ Q to w in L\^^{Q x (0, T)) n 
L°°{[^,T];L]^^{a)) and in L°°{n x [0,r]) weak-*. Moreover We converges a.e. to w in 
n x (0,T) and w G BViod^ x (0,^)). 

a) The Lj^^ convergence of takes place actually in L'^{Q. x (0,T)) n L°°([0, T]; L^(r2)). 
Hi) Finally, we have Wg^ - Xw\\L^{nxVx(o,T)) ^ as e ^ 0. 

To prove Lemma l3. II part ii), we shall also need the following result. 

Theorem 3.2. Let U be a bounded open subset ofTR'^ and let Vn be a sequence in Lj^^U). 
Assume that as n ^ oo, the sequence Vn converges strongly in L\^^{U) to v G Lj^^[U). If 
Vn is uniformly bounded in L°°{U) then Vn converges strongly to v in L^{U). 

Proof of Theorem 1^ 

Let > be fixed. Since U is bounded there exists a compact set Kr, C U such that the 
Lebesgue measure meas(C/ \ K^) < rj. On the other hand since Vn is uniformly bounded in 
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L°°{U), by diagonal process to pass to a further subsequence if necessary and uniqueness 
of the hmit, Vn converges in L°° weak-* to v. Hence v G L°°{U). Now 



Vn-V\ = / \Vn-V\+ I \Vn - V\ 

U JU\Kr, 



< ll-Un - ^^|joomeas(C/ \ i^^) + / |f„ - u| 



< Cr]+ \vn- v\ 

'Kr, 



where C is a constant independent of n and t]. Therefore since hm„^oo Jx ["^n — v\ = 0, 

hm sup^^oo \vn-v\ < Ct] 
Ju 

This proves the statement since rj is arbitrary. 



Proof of Lemma 13.11 



Using Lemma 12.41 part 4) and Lemma l'2.2l is bounded uniformly in fl BViod^ ^ 
(0,T)). Hence a subsequence of (still denoted w^) converges to w in Lj^^Q x (0, T)) 
and almost everywhere in 17 x (0, T). Moreover w € BViod^ ^ (0'^))- Using Lemma 
12.31 and diagonal process to extract a further subsequence, if necessary, converges in 
L°°{n X [0,r]) weak-* to a function w € L°°{n x [0,r]). Since x (0,r) is bounded the 
limit w is in L^{n X (0,r)). Now by the dominated convergence theorem and the above, 
the convergence of takes place in fact in L^{Q x (0, T)). 

Now by Lemma|23]part 1) We{-,t), t G [0, T] is uniformly bounded in BViod^)- Hence it 
is precompact in L\^d^). Using Lemma ITU part 2), t) is Lipschitz continuous 

in time. By diagonal process to extract a further subsequence, if necessary, — >e^o w 
strongly in L°°{[Q,T];L\^d^)). Now by the same process we used to prove the strong 
convergence of to w in L^iQ. x (0, T)), we conclude that w^^ — >e-»o w strongly in 
L^{[^,T]-L\a)). 

By the properties of we conclude that Xw^ strongly converges to Xw in ■ Using this 
and the integral representation (Theorem l2.1|) . and recalling that the boundary data satisfy 
(|^7j) - (fl8|) . we infer that g^^ strongly converges to Xw in ■ This concludes the proof of the 
lemma. 



Proof of Theorem 13.11 
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Using Lemma a subsequence of (still denoted w^) converges strongly in to w. 
We know that w G BViod^ x (0)^)) n L°°i^ x [0,r]) (consult the proof of Lemma EH}. 
Using Theorem 12. 2| we have 

-/ {dt + a{v)-dx){ij)\ge-Xk\+ a{v) ■ n^\g^o - Xk\ 

JnxVx{o,T) jr-x(o,T) 



+ / a{v) ■ riTplgei - Xk\ < Vip e C^i^ x {0,T)), > 0, Vk £ JR 

Using Lemma 123 Lemma (|17)) and (|15|) . and the properties of we then obtain 

— / dtip\w — k\ — / sign(?i; — A;)(j4(w) — j4(/c)) • Sj^V 

Jnx{o,T) Jnx(o,T) 



+ a{v) ■ niplgo - Xk\ + sign{wi - k){{A{wi) ■ n) - {A{k) ■ n) )ip 

Jr^x{o,T) Jrix(o,T) 

(4c^ VV' G C^iQg X (0, T)), V > 0, VA; G IR 

Finally, thanks to Lemma l3. 11 (|lflj) . and (|46)) . satisfies the initial conditions 0. Thus, 
combining (|49j) and the above, it is clear that w is an entropic solution in the sense of 
Definition I.S.ll to the problem ©-((Zj). 

The proof of the theorem is now complete. 

As we saw in Remark 12.31 the temporal variation at the microscopic level cannot, in 
general, be bounded uniformly in e. Such uniform control can be achieved only if we can 
prevent the possibility of a kinetic layer in For this purpose, we shall prepare the 
kinetic initial data so that -^g^ is uniformly bounded in e and t, in particular at i = 0. 
In such case no kinetic initial layer will be present. We therefore assume that the kinetic 
initial data satisfies 



Theorem 3.3. Assume that 



||9e0|lLoo(r-x[0,T]) < ^1' \\9e\\L°°{nxV) < C2, lbel|lL°°(r]-x[0,T]) < ^3, 

WdeWi^inxV) < C'4, \\a{v) ■ '"5'eo|lLi(r-x(o,T)) < ^5, \\a{v) ■ "-gei|l2,i(r-x(o,T)) < C'e 

\\9e\\L^V;BVio,{n)) < C7 

with Cj, i = 1, • • • ,7 positive constants independent of e. 

Assume also that the initial and boundary data feo, g^, and g^i are compactly supported 
in V (z V with supports included in a fixed compact set independent of e. Finally assume 
that as e ^ 0, 
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(50) Wg, (•, •) - XwO{.){-)\\Ll^(nxLHv)) ^e-o 

(51) a{v) ■ ng^Q — > a{v) ■ ngo strongly in L^{Tq x (0,T)) 

(52) a{v) ■ ng^i — > a{v) ■ ngi = a{v) ■ nxwi strongly in -^^"'^(r^ x (0, T)) 

Then g^ converges strongly in L°°([0, T]; (i7 x V)), as e goes to 0, to Xw o-i^d w is an 
entropic solution of the problem l^-Qj in the sense of Deftnition \S.l\ 

Before we give the proof of Theorem ESI we shall state and prove the lemma below. 

Lemma 3.2. Assume that all assumptions of Theorem VJ.'J^ hold. Then i) and ii) of Lemma 
\3.1\ hold true. Moreover, we have \\ge — Xt«llL°=([o,T];Li(nxy)) ~^ as e — > 0. 



Proof of Lemma 13.21 



We only need to prove the last statement in the lemma. By Lemma 12.41 part 3) 

\\gt - XwAl°°{[q;t];L}^^(QxL^(V))) ^e^O 

Thus 

Ibe - Xw|lL°o([0,T];Li^^(nxLi(y))) ^e-*0 

Since (7^ is uniformly bounded in L°°(r2 x F x [0, T]) (Lemma l2.1() and remains compactly 
supported in v with support included in a fixed compact set independent of e (Lemma 12. 3|) . 
and g^ converges to g in L°°([0, T]; L]g^(J7 x L^iV))), we can apply Theorem 13.21 to infer 
that ge Xw in -Z^°°([0, T]]L^{Q. x L^{V))). This concludes the proof of the lemma. 

Proof of Theorem EIHl 

The proof of this theorem is similar to that of Theorem 13.11 and will not be repeated. 
time. 

Remark 3.1. Theorems \3.1\ and are obtained under various assumptions including 
the assumptions that the data (7^0) ffe; 9ei o,re compactly supported in v. In fact these 
theorems are also valid when these data are not necessarily compactly supported in v. The 
proof is based on a BV-regularization argument. 

4. Cancellation of microscopic oscillations via the compensated 

compactness 

In this section we study the one-dimensional scalar conservation law 
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(53) dtw + d^A{w) = in x (0, T) 

(54) Boundary conditions for u; on Tq x (0, T) and Ti x (0, T) 

(55) w{x,0) =w^{x) in J7 
The corresponding kinetic equation |7j is 

(56) [dt + a{v) ■ d^]ge{x,v,t) = ^{xn,,{x,t){v) - ge{x,v,t)) inOxyx(0,r) 

(57) ge{x,v,t) = geo{x,v,t) on Tq x (0, T) 

(58) ge{x,v,t) =gei{x,v,t) on T^; x (0,r), 

(59) g,{x,v,0) = g'^^{x,v) m^xV 

where ah data and the relationships between the various quantities above were precised 
in the introduction, we only need to take d = 1. We assume that the conservation law 
H53|) is nonlinear in the sense that there exists no interval on which the flux A{u) is linear, 
i.e. A"{u) ^ a.e. In the full space case i.e. O = IR, the study of this problem without 
using compactness arguments (based on BV estimates as in Lemma l2.4() has been done in 
[7j. The authors use compensated compactness, specifically, the Tartar's div-curl lemma 
0. We shall extend this result to the case of domains with boundaries. We first give a 
definition of a solution to the nonlinear conservation laws. 

Definition 4.1. We say that w G L°°{^} x [0, T]) is a weak entropic solution of the problem 
i5°^) - i55]) if we have 



- {\w - kldtijj + sign{w - k){A{w) - A{k)) ■ V^il)) 

Jnx{o,T) 

+ / ij)sign{wi — k){{A{wi) ■ n)~ — {A{k) ■ n)~) 

Jrix{o,T) 

+ / a{v) ■ n^\go - Xfcl < 

x(0,T) 

yip e c^{n xv X (o,r)), v > o, v/c g m 

and w satisfies the initial condition 



w{x, 0) = w (x) in Q, 

The main result of this section is 

Theorem 4.1. Assume that the conservation law li5S\) is nonlinear (see above). Let g^ be 
the solution of the corresponding kinetic equation i5(^) - i59\) . Assume that 
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ll9e0|lLoo(r-x[0,T]) < ^1' ll^e llL°°(Qxy) < C2, llS'el llL^(r- X [0,T]) < ^3, 

Ibe llLi(f^x'5^) < ^4, ■ "-5'e0|lLi(r-x(0,T)) < C's, II a(^) ' "-fi'el II Li (L^ X (0,T)) < ^6 

wzi/i Cj,i = 1, • • • ,6 positive constants independent of e. 

Assume also that the initial and boundary data g^Q, g^, and g^i are compactly supported 
in V G V with supports included in a fixed compact set independent of e. Finally assume 
that as € ^ 0, 

(60) K(-,0)-u;°(.)||z.i^^(n) = ll / 5°(-,^)-^°(-)llLL(n)-0 

(61) a{v) ■ ng^Q a{v) ■ ngo strongly in L^{Tq x (0, T)) 

(62) a{v) ■ ng^i a{v) ■ ngi = a{v) ■ nxwi strongly in L^iT^ x (0, T)) 

Then = Jy ge{x,v,t)dv converges strongly in L'p{0, x (0,T)), p < oo, to an entropic 
solution of the nonlinear conservation law i5tl\) - i55\) in the sense of Definition \4- 1] 

Remark 4.1. 1) We observe that under the assumptions of the theorem above, the conclu- 
sions of Lemmas \2.1\. \2.iA and \2.cl\ remain valid. 
2) Remark \3.1\ is also valid for Theorem \4-l\ 

Proof of Theorem 14.11 

The proof fohows the same lines as the one corresponding to the full space case in |7!- 
Thus, proceeding as in [7j, we obtain 



(63) / a{v)gedv = / a{v)xw,dv = A{we 

Jv Jv 



(64) A{we) = A{w; 



for otherwise, \we — We\{x,t) = 0, which in turn yields again H64|) . Combining H63|) and 
H64|) . and passing to the limit weakly in H56|) . we obtain 

d d ., , 

-^.. + -A(..) = 

Hence a subsequence of (still denoted vue) converges to a weak solution of the conser- 
vation law H53() . Thanks to the nonlinearity of A(w) and equality (|64() . we can use Tartar 
Theorem Theorem 26] to conclude that strongly converges in Lf^^{i^ x (0, T)), 
1 < p < oo. This combined with the process used to prove Theorem 13.11 completes the 
proof of the theorem. 



5. Conservation laws with source terms 
In this section we introduce the following kinetic model with forces 
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[dt + a{v) ■ + S{x,t,v) ■ dy]ge{x,v,t) = -{Xw,{x,t){v) - 9e{x,v,t)) 

(65) in nxV X {0,T) 

(66) g^{x,v,t) = g^o{x,v,t) on x(0,r) 

(67) ge{x,v,t) = g^i{x,v,t) on r^x(0,r), 

(68) 9e{x,v,0) = g^^{x,v) in Q.xV 

and study its relation to the inhomogeneous scalar conservation laws 

(69) dtw{x,t) + d^^[Ai{w)]{x,t) = S{x,t,w) in Qg x (0,r) 

(70) Boundary conditions for w on Fq x (0, T) and Fi x (0, T) 

(71) w{x,0) = w^{x) in Q 

Here, S{x, t, .) is a source term, which is in L°°(17 X (0, T); C^) and satisfies S{, x, t, 0) = 0. 



As before Weixjt) = Jy ge{x,v,t)dv and Xw is defined by the relation ©. 

In the full space case Q, = IR'^, a brief study of the inhomogeneous scalar conservation 
laws above has been given in in connection with the kinetic model 

[dt + a{v) ■ d^]ge{x,v,t) = ^{Xw,(x,t)iv) - 9e{x,v,t)) + S'{x,t,v)ge{x,v,t) 

(72) in QxV X {0, T) 

(73) ge{x,v,t) = geo{x,v,t) on Tg x(0,r) 

(74) g,{x, V, t) = g,i{x, v, t) on x (0, T), 

(75) ge(a^,w,0) = 5°(x,f) in 17 X y 

As compared with the kinetic model ((7^ - (f7^ proposed in jTj, our kinetic model H65() - 
H68|) is more appropriate to describe the physics at the microscopic level, which yields the 
conservation laws H69() - H71() at the macroscopic level as the miscropscopic scale tends to 0. 
Its analysis does not require additional assymptions on the source terms as in 0. We shall 
clarify this later. 

Since our kinetic model is new, we shall also indicate how our analysis extend to the full 
space case i.e. = IR'^. 

We begin with an existence and uniqueness result for the kinetic model. 

Theorem 5.1. Assume that 

g°,eL\nxV), aiv)-ng,ieL\T^ x{0,T)), aiv) ■ ng^ e L\Tq x iO,T)) 

Then the kinetic model ^^^-^^^ has a unique solution in L°°{[0,T];L^{nxV)). Moreover, 
g^ satisfies the integral representation 
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In JIq 

9e{x,v,t) = ge{{0,x^ ^a^{v)),v ^S{x,t,v),t ^)exp{ + 

ai[v) ai(v) ai[v) eai[v) 



1 



s 



+- / exp{{s - t)/e)xw,ix{s),s){v{s))d 

e Jt — ^ 

In Qqi 

9e{x,v,t) = g^{x - a{v)t,v- tS{x,t,v))exp{-t/e) + - / exp{{s - t)/e)xnj,ix(s),s){v{s))ds 

f Jo 

In Oi 

x,v,t) = ga[{l,Xi, H —ai,{v)),v H -—S[x,t,v),t -— )exp(- 



ai(?;) ' ai{v) ' ' ' ai(i;) eai(f)' 



1 



+- / exp{{s - t)/e)xw,ix{s),s)ivis))ds 

where x{s) = x + (s — t)a{v), x = a{v) = (ai(t>), a^(t>)), and v{s) = v + {s — 

t)S{x, t, v). 

Finally, Let and Ge be two solutions of ^\)-^ with corresponding densities We{x,t) = 
fv9e{x,v,t)dv and W^{x,t) = fy G^{x,v,t)dv; and let g^, g^o, g^i resp. G°, g^o, G^i 
denote the corresponding data. Let 

S'ooii) = {maXx,vS'ix,t,v) : v G supp^g^{x,v,t) U supp^Geix,v,t)} 

We have 

\\9e - G'e||ioo([o,T];Ll(nxV)) 
T 



< exp{ \SUs)\ds) 
Jo 

(7ffl5° - G°||ii(f,xy) + l|a(^) • n{g,o - G,o)|| Ll(r(7x(0,T)) + ■ "^(del - Gel)\\Li(r-x{0,T))] 



\\9e - G'e||ioo([o,T];Ll{nxV)) + W^-i^) ' "-(^eO " ^'eo) ll^i (r+ x (0,T)) 

+ \\a{v) ■ n{g^i - Gei)||ii(r+x(o,T)) 

< [1 + r \SUs)\exp{ r \SM\da)ds][\\g^, - G^J^HnxV) + 
Jo Jo 

(7]|)i(v) • n{g^o - G,o)|lLi(r-x(o,T)) + ' ^idei - Gei)\\Li(r- x{o,t))] 

The proof of this theorem follows by arguing along the lines of the proof of Theorem 
I2.H with obvious modification to account for the source term. We only point out here how 
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to integrate by part in the term Sd^g^- Let (p be as in the proof of Theorem 12.11 Let 
rj € Cq^{V) satisfy < < 1, r/ = 1 on [—1,1], and suppr? C [—2,2]. Let rjn = rj{v/n). 
After multiplying the equation for g^: by 'prin, the contribution of the source term is 



/ S{x,t,v)dyge(pr]n 
jQxVx{0,t) 



(78) = - gedvS{x,t,v)(fr]n - geS{x,t,v)dy(frin - 9eS{x,t,v)(pd^rir, 

JnxVx{o,t) 

After passing to the limit as n ^ oo, the right hand side converges to 



gedvS{x,t,v)(f - geS{x,t,v)dy(f 

inxVx{o,t) 

We also pass to the limit as n — > oo in the other terms. The rest of the proof proceeds 
as in the proof of Theorem 12.11 with appropriate modifications due to the source term. 

We shall give below an entropy inequality for the solution of the kinetic problem. This 
is stated in the following theorem. 

Theorem 5.2. The solution to the kinetic problem satisfies the relation 



{dt + a{v) ■ dx){il^)\ge -Xk\+ / a{v) ■ nV'l^eO - Xk\ + 

nxVx{0,T) JroX(0,T) 



(79) / a{v) ■ nV'jyei - Xk\ < / geipdvSsign{ge - Xk) 

Jr^x{o,T) JnxVx{o,T) 

G C^iCl xV X (0,r)), > 0, VA; G M 

Before we state our main convergence results, we shall give below a definition of a solution 
to the conservation laws with source term (|69j) -(|71 )) . This definition selects a physically 
correct solution to this problem. 

Definition 5.1. We say that w G BViod^ ^ (0)^)) ^ L°°{^} x [0,T]) is a weak entropic 
solution of the problem H69\ )- f7l\ ) if we have 

{\w - kldti/j + sign{w - k){A{w) - A{k)) ■ V^t/j) 

nx(o,T) 



+ / il^sign{wi — k){{A{wi) ■ n) — {A{k) ■ n) 

JTix{Q,T) 



+ a{v) ■ nip\go - Xk\ < / ■iljS{x,t,w)sign{w-k) 

Jr^x{o,T) Jnx{o,T) 

G C^{n xV X (0,r)), -0 > 0, VA; G IR 
and w satisfies the initial condition 

w{x,0) = w^{x) in 
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We mention here that the kinetic entropy relations given in [2] on page 516, Formula 
(5.5) for the kinetic model (|72j) - (|75)) and their corresponding macroscopic "continuum limit" 
entropy inequality given at the end of page 516 in [7^ for the conservation laws with source 
terms (|69jl - ([7T|l are not correct. 

Next we shall state the main convergence results about the kinetic distributions and their 
moments for the source case. 

Theorem 5.3. Assume that 



||fl'eo|li^(r-x[0,T]) < ^1' \\9e\\L°°{nxV) < C2, lbel|lLoo(r-x[0,T]) < ^3, 

IbellLHnxi/) < C4, \\a{v) ■ "-5'eoltii(r-x(o,T)) < ^5' ll'^(^) ■ "-S'eillLicrj-xCo.T)) < ^6 

\\9e\\L^iV;BVio,m) < ^7 

with Ci,i = 1, ■ ■ ■ ,7 positive constants independent of e. 

Assume also that the initial and boundary data /^o, g^; o^f^d g^i are compactly supported 
in V € V with supports included in a fixed compact set independent of e. Finally assume 
that as e ^ 0, 



(80) K(-,0)-^i;°(.)||z.i^^(o) = il / 5°(-,^;)-u;°(-)llLL(n)-0 

(81) a{v) ■ ng^Q — > a{v) ■ ngo strongly in L^{Tq x (0,T)) 

(82) a{v) ■ ng^i a{v) ■ ngi = a{v) ■ nxwi strongly in L^{T^ x (0, T)) 

Then converges strongly in L^iQxV x {0,T)) ,as e goes to 0, to an entropic solution of 
the problem ([3|)-Q) in the sense of Definition s^. 11 

The theorem above does not provide a strong convergence uniform in e and time of the 
density distribution to the equilibrium distribution. This is due to the presence of initial 
layers and the lack of the control of the velocity variation of the density distribution. Under 
the present assumptions (assumptions of Theorem 15. 3|) only a uniform control of the spatial 
variation on the microscopic scale and a uniform control of the temporal variation only at 
the macroscopic level are allowed (consult Lemma 12.41 part 1) and 2) and the remark after 
the proof of Theorem in the sourceless case). The uniform control of the temporal variation 
of the kinetic distribution can be achieved only if we can control uniformly, in addition to 
the spatial variation, the the velocity variation and the initial temporal variation of the 
kinetic distribution. That is, we have to prepare the initial data so that ^ge is uniformly 
bounded in e and t, in particular at t = 0, and g^ is uniformly bounded in BV{V; Lj^^{^)). 
We therefore assume that the kinetic initial data satisfies |7| 

llffe (•, ■) - XwO(-){-)\\Ll^{nxLi{V)) -^e^O 
\\9e\\Ll^(n;B{V)) < ^ 

Under the new additional assumptions, we obtain the following uniform in e and time 
convergence of the kinetic ditribution to an equilibrium distribution. 
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Theorem 5.4. Assume that 



\\9e0\\L^(r~x[0,T]) < ^1' ll^e llL°°(Cxy) < C2, llS'el llL^(r- X [0,T]) < ^3, 

WaeWL^inxV) <Ca, • "■5'£o|lLi(r-x(o,T)) < ^5, • "-fi'ei|lLi(rj;x(o,T)) < ^6 

\\9e\\L^V;BV,ocin)) < ^7, \\9e\\Ll^{Q-BV{V)) < ^8 

with Ci,i = 1, ■ ■ ■ ,8 positive constants independent of e. 

Assume also that the initial and boundary data f^o, g^, and g^i are compactly supported 
in V & V with supports included in a fixed compact set independent of e. Finally assume 
that as € ^ 0, 



(83) \\g^ (•, •) - XwO{-){-)\\Ll^{nxL^{V)) -^e-*o 

(84) a{v) ■ ng^Q a{v) ■ ngQ strongly in L^{Tq x (0, T)) 

(85) a{v) ■ ng^i a{v) ■ ngi = a{v) ■ nxwi strongly in L^{T~[ x (0, T)) 

Then g^ converges strongly in -L°°([0, T]; (17 x V)), as e goes to 0, to Xw o-nd w is an 
entropic solution of the problem ISp-Q) in the sense of Deftnition I.V. li 

Remark 5.1. 1) Remark \'j.l\ is also valid for Theorems \5.cl\ and \5.4\ 

2) Notice that Theorems \5.'J[ and \5.4\ are also valid for the simpler case of full space 
Q = IR"^ with appropriate modifications. We shall compare below our results for the full 
space case to those of 7 . For our generalized kinetic model the corresponding theorem to 
Theorem \5. 51 for the full space case is obtained under no additional assumptions on the data 
or source terms. The analysis in '7' required the additional assumption that the source terms 
are in BV{Q). However, to obtain the uniform in e and time convergence of the density 
distribution to an equilibrium distribution (the corresponding theorem to Theorem \5.4\ for 
the full space case), we had to assume an additional assumption that the initial ditribution 
g^ is uniformly bounded in L\^^{U,; BV {V)) . As a result in our case the existence theory 
for conservation laws with source terms is obtained under no additional assumptions on the 
source terms as opposed to the existence theory given in 7^ which required the additional 
assumption that the source terms are BV . Thus our theory is more general. 

To prove these theorems we argue along the hnes of the proof of Theorem 13.11 for the 
sourceless case, with appropriate modifications due to the source term. We shall therefore 
state without proofs the corresponding lemmas with the necessary modifications caused by 
the presence of the source term. 

We begin with L°° estimates. 

Lemma 5.1. Assume that 

IIS'eo|lLoo(r-x[0,T]) < ^1' \\9e\\L°°{nxV) < C2, ll5'el|lLoo(r-x[0,T]) < ^3 

with Ci,C2, and C3 positive constants independent of e. Then g^ is uniformly bounded in 
L°°{^} X V X [0,T]). Moreover we have 
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heWoo < ["iaic(||5eo|lLcx.(r-x[o,r])' lbelU-(nxV)Jb6i|lLoo(r-x[o,T])) + l-S'^WM^) 

«/ 

Here 

S'ooi't) = {maXj:^yS'{x,t,v) : v G supp^g^{x,v,t)} 
Lemma 5.2. Assume that 

\\a{v) • nc/eo||ii(r-x(0,T)) < ^l' lli'e IIlH^^x'^^) < ^2, 

•"56i|lii(r-x(o,T)) < C3 

wii/i Ci,C2, anc? C3 positive constants independent of e. Then is uniformly hounded in 
L°^([0, T]; L^(r2 x V)) and is uniformly bounded in L°°([0, T]; L^(r2)). Moreover, we 
have 



l^e||L°°([0,T];Li(f2)) - \\9e\\L°^{[0,T];L^nxV)) 

rT 



< ea;p(^ \S'^{T)\dT)[\\a{v) ■ n5eo|lLi(r-x(o,r)) + ' "5ei|lLi(r-x(o,r)) 

+ \\di\\L^{^xV)\ 
Lemma 5.3. Assume that 

||fl'eo|lioo(r-x[0,T]) < ^1' Ibe llL°°(Qxy) < ^2, 
||fl'el|lLoo(r-x[0,T]) < ^3 

with Ci,C2, and C3 positive constants independent of e. Assume also that the initial and 
boundary data g^, g^o, and are compactly supported in v eV with supports included in 

a fixed com,pact set independent of e. Then 
(i) We is uniformly bounded in x [0, T]). 

(a) ge remains compactly supported in v E. V with support included in a fixed compact set 
independent of e. 

(Hi) The speed of propagation a{v) is finite. 
Lemma 5.4. Assume that 

Ibeollioo^r-xp.T]) < ^1' \\9e\\L°°(nxV) < ^2, llffel |li,oo(r- x [0,T]) < ^3, 

\\9e\\Li{nxV) < C4, \\a{v) ■ »^5eo|lLi(r-x(o,T)) < C's, \\a{v) ■ »^5ei|lLi(r-x(o,r)) < '^e 

\\9e\\L^V;BVio,{n)) < C7, 

with Ci,i = 1, • • • ,7 positive constants independent of e. Assume also that the initial and 
boundary data f^o, g^, and g^i are compactly supported in v eV with supports included in 
a fixed compact set independent of e. 
Then 
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1) g^{-,-,t) and We{-,t), t G [0,T] are uniformly bounded in BViod^ ^ ^^i^)) '^'^^ 
BVioci^) respectively. More precisely, if U and O are open bounded subsets of O such 
that U d O <Z O <Z Vt, we have for i = 1, • • • , d 



\Tig, -g,\< exp{ f \S'^{s)\ds) [ |rk° - 5°l 
Jo JOxV 



2) We is time Lipschitz continuous in Lj^^{^}) uniformly in e; i.e. for any open bounded 
subset U of 0, with U dVt, we have 

\\We{-,t2) - We{-,tl)\\Li{U) 

< (a 

ooWdeW [[0,T];BV {U X L''- (V))) + \\dvS\\ L'^(nx[0,T])\\9e\\L°°(nxVx[0,T])){t2 - tl) 

< C{t2-ti), 

(86) yo<ti<t2<T 

where C is a constant depending on U but is independent of e and Coo is introduced in the 
proof of Lemma above. 

3) Under the additional assumptions 

llSe (•> •) - Xw"{-){-)\\lI^{QxL^{V)) -^e^O 
\\9e\\LlJn;BV{V)) < ^8, 

t G [0,T] is uniformly bounded in BViodV; Lj^^{Q)). Moreover, we can estimate 
the error between the kinetic solution and exact entropy solution as follows 

he - XwML'^{[o,T];L}^^{nxL^{V))) ^ ^"■oo\\ge{x,v)\\BVioc{^xL'^{V)) 

+eaoo||5e(a;, V, t) \\L°°{[0,T];BViorXnxL^V)))) 
+'^\\9eix,v) - XwO{x)\\lI^{QxL^{V)) 

+e maa;„ 1 1 1 1 ^oo X [o,T] ) 

{\\9e{x,V,t = 0)\\bV{VxL^O)) + \\9e{x,V,t)\\BV{VxL^O))] 
(87) ^e^O 

4) The function is uniformly bounded in BViod^ ^ (Oi^))- 
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